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Abstract 

We reconsider a gravity dual of a 1/4 BPS Wilson loop. In the case of an expectation value 
of the Wilson loop, it is known that broken zero modes of a string world sheet in the gravity 
side play important roles in the limit A —)■ cxd with keeping the combination A cos^ 9q hnite. 
Here, A is the ’t Hooft coupling constant and 6q is a parameter of the Wilson loop. In this 
paper, we reconsider a gravity dual of a correlation function between the Wilson loop and a 
1/2 BPS local operator with R charge J. We take account of contributions coming from the 
same conhgurations of the above-mentioned broken zero modes. We hnd an agreement with 
the gauge theory side in the limit J <C \/A cos^ 6*o . 
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1 Introduction 

In the context of the AdS/CFT correspondence [1][2][3], dual objects of Wilson loop operators 
are given in terms of string world sheets attached to the loops on the AdS boundary [4] [5]. 
An expectation value of the Wilson loop in the gauge theory side, for example, is conjectured 
to be equal to a string disk partition function which is, in principle, given by a path integral 
of the string world sheet. In literature, the path integral is usually approximated by using a 
classical solution, and then a strong coupling limit of the gauge theory result is reproduced. A 
natural way to go beyond the classical string would be taking account of effects coming from 
small fluctuations around the classical solutions perturbatively. For developments in such a 
method, see the papers [6] [7] [8] [9]. 
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Besides such analyses, an interesting method has been proposed in [10] for the case of an 
expectation value of a 1/4 BPS Wilson loop operator. The operator depends on a parameter 
Oq , and for a special case with Oq = /2 , there is a three-parameter family of string solutions 
corresponding to a single common Wilson loop. These three parameters correspond to zero 
modes of the string world sheet. An integration of the exact zero modes just gives a multi¬ 
plicative factor. The author of the paper [10] further considered a limit in which Oq is not 
exactly equal to 7r/2, but very close to it. In such a limit, the zero modes get a potential 
which is not exactly flat. Hence they are no longer exact zero modes. However, these modes 
are expected to be still much lighter than generic fluctuations in the limit A— )-cxd, 6^0—)-7r/2. 
Then the integration over such modes gives non-negligible contributions. In fact, it was found 
that by keeping the combination A' = A cos^ Oq hnite, the integration over such broken zero 
modes reproduces the exact gauge theory result of the Wilson loop expectation value in the 
planar limit [10]. 

In this paper we apply the method of the broken zero modes to a gravity dual of a cor¬ 
relation function between the 1/4 BPS Wilson loop operator and a 1/2 BPS local operator 
with an R charge J. The same system has been studied in [11] [12] [13] based on the method 
developed in earlier works [14] [15] by treating the string world sheet classically.^ We start with 
reconsidering the broken zero modes by giving an explicit form of them, and we check that the 
integration over the modes reproduces the result of [10]. Then we apply the method to the 
case of the correlation function. We hnd that our computation reproduces the gauge theory 
result approximately only in the limit J V/V . Deviations in other range is actually natural 
because our string configuration does not carry any angular momentum which corresponds to 
the R charge J of the local operator. Hence only in the limit J \/A, the conhguration is 
acceptable. We will see that the limit still allows us to go beyond the purely classical limit. 

The paper is organized as follows. In section 2, we introduce the 1/4 BPS Wilson loop 
operator and review some known facts about the operator and its gravity dual. In section 3, we 
discuss an explicit form of the broken zero modes and show that their contributions reproduce 
the planar limit of the Wilson loop expectation value as discussed in [10]. In section 4, we 
apply the method of the broken zero modes to the correlation function of the 1/4 BPS Wilson 
loop and the 1/2 BPS local operator. Section 5 is devoted to a summary and discussions. 

Hn [15], a correlation function between a 1/2 BPS Wilson loop and the 1/2 BPS local operator is studied 
by taking account of small fluctuations around a classical solution. It is found that such an analysis reproduces 
the gauge theory result in the limit A —>■ c» with keeping J^/vT finite. A relation between our result and the 
one in [15] is discussed in section 4. 
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2 A review oi IjA BPS Wilson loop operators 

2.1 1/4 BPS Wilson loop operators and modified Bessel functions 

A Wilson loop operator in the A/” = 4 super Yang-Mills (SYM) theory is characterized by the 
shape of the loop a;j(r) (i = 1.. .4) in the Euclidean four-dimensional space and also another 
set of “coordinates” 0 /(t) (J = 1 .. . 6 ), which specihes how the operator depends on the 6 
scalar helds <h/ [4] [5]: 

W{C) = ^trPexp^ (^iAi{x{T))xi{T) + |f(r)| 07 (r)<h/(f(r)) jdr . ( 2 . 1 ) 

In this paper, we take the following choice [10]: 

x{t) = (a cos r , a sin r , 0 , 0 ), ( 2 . 2 ) 

0(r) = (sin 9o cos r , sin 9o sin r , cos 6^0 , 0 , 0 , 0 ). (2.3) 

The operator depends on two parameters a and 9o. We assume that the range of 6 *o is 0 < 
6^0 < 7 r /2 . The operator preserves 1/4 of the supersymmetries in the SYM theory for a generic 
value of 9q . 

The planar limit of the expectation value of the operator is studied in [10] based on the 
analysis of [16] [17]. The result is given in terms of the modihed Bessel function Ii as follows: 

(U-(C)> = (2.4) 

Here, as mentioned in the introduction. A' is related to the ’t Hooft coupling constant A as 
A' = A cos^ 6*0 . 

2.2 String solutions in the gravity side 

In the gravity side, counterparts of (2.4) is formally given in terms of a string path integral 
as follows: 

{W{C)) ^ j . (2.5) 

Here, the right hand side (the gravity side) is expressed only symbolically. S' is a total string 
world sheet action which includes a boundary term. We assume that the bulk part of it is the 
Polyakov type in the conformal gauge: 

5'buik = ^ J dTdagMNdaX^{T,(T)daX^{T,a). ( 2 . 6 ) 

Here M and N are ten-dimensional indices and a is a world sheet index, qmn are the compo¬ 
nents of the metric for the AdSsxS® background, while a) are string coordinates which 
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are functions of world sheet coordinates (r, a). For simplicity, we use the unit in which the 
common radius of the AdSs and the is taken to be 1, then the’t Hooft coupling constant 
A and the Regge slope a' are related by \/A = 1 /q;' . As for the boundary term, we assume 
the one proposed in [18] throughout this paper. In order to avoid unimportant complexities, 
detailed computations of the boundary terms are summarized in appendix A. The symbol J 
in (2.5) expresses the path integral of the string world sheet, the precise dehnition of which 
is beyond the scope of the present paper. The boundary conditions for the AdSs coordinates, 
other than the radial direction, are given by (2.2), while those for the are given by (2.3). 

In [10], the correspondence (2.5) for a generic value of 9q is studied by evaluating the path 
integral at solutions for equations of motion. Then the large X' limit of the modihed Bessel 
function is correctly reproduced. Let us briefly review the string solutions. 


2.2.1 Classical solution: AdSs-part 

Let X = {Xq, Xi, X 2 , X^, X 4 , X 5 ) be coordinates of a flat space with a line element 

ds^ = dX-dX = -dXl + dXl + dXl + dXl + dXl + dXl. (2.7) 

Here, the inner product “ • ” for X is dehned with the signatures (—, +, +, +, +, +). Then the 
Euclidean AdSs can be expressed as a hypersurface dehned by the following eqnation: 

X ■ X = -Xl + Xl + Xl + X| + Xl + Xl = -1. (2.8) 

An interesting feature of the string solntions dnal to the Wilson loop (2.1) with (2.2) and 
(2.3) is that the AdSs-part of it is independent of the parameter Oq . This means that it is the 
same conhgnration as the 1/2 BPS Wilson loop [14] [18], which corresponds to the case with 
sin 00 = 0. The explicit form of the solution in this coordinate system is given by 


Xo = coth a , Xl = cosechcT cos r , X 2 = cosecha sin r , X 3 = X 4 = X 5 = 0 . (2.9) 

Here, ranges of the world sheet coordinates (r, a) are 0 < r < 27r and 0 < a < cxd , respectively. 
The solntion satishes the following eqnations: 

drX ■ drX = d,X ■ d„X = cosechV, d^X ■ d,X = 0 . ( 2 . 10 ) 


Hence, the Virasoro constraints need to be “satished separately” by the AdSs-part and the 
S^-part. 

In order to stndy the AdS/CFT correspondence, it is convenient to introdnce the Poincare 
coordinate {z,x) = ( 2 :, xi, 0 : 2 , 0 : 3 , 0 : 4 ) by the following coordinate transformation: 


Xn = 


2:^ + (T)^ + 
2az 


X, = 


z"^ + {xY 


Xi 


2az 


X, = ^ {1 = 1 ..A), ( 2 . 11 ) 
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where (x)^ = xf + X 2 + x"^ + . The line element in this coordinate is given by 

ds^ = dX ■ dX ^ , (2.12) 

and the solution (2.9) is expressed as follows: 

z = atanha , xi = a sech a cos r , 0:2 = a sech a sin r , X 3 = X 4 = 0 . (2.13) 

It is attached to the path (2.2) on the AdSs boundary z = 0, at a = 0. 


2.2.2 Classical solutions: S^-part 

Let Y = (hi, y 2 , Y 3 , Y 4 , Y 5 , Ye) be coordinates of a flat R® space with a line element 

ds'^ = dY -dY = dY^ + dYi + dY^ + dY^ + dY^ + dY^ . (2.14) 

The inner product “ • ” for Y is dehned with the all positive signatures. The S® we consider is 
embedded in the space by the following equation: 

Y -Y = Y^ + Yi + Y^ + Y^ + + Yq^ = 1. (2.15) 

For a generic value of 6*0 , there are two string solutions corresponding to the Wilson loop: 

Yi = sech((To ± O') COST , F 2 = sech((To ± o) sinr , Y^ = tanh((To ± o), 

(2.16) 

Y, = Y, = Ye = 0. 

Here, the parameter do is related to 6*0 by tanh do = cos 6 * 0 , and the following boundary 
conditions are satished: 

^ 1^=0 ~ ^ COST , sin 6^0 sinr , cos 6*0 , 0 , 0 , 0 ). (2-17) 

As mentioned below (2.10), each conhguration of (2.16) satishes the following S®-part of the 
Virasoro constraints: 


drY-drY = d^Y-d^Y = sech^(ao±a), drY ■ d^Y = 0 . (2.18) 

2.3 Zero modes and broken zero modes of the string world sheet 

One of interesting developments in [10] about the 1/4 BPS Wilson loop is that the exact 
integral representation of the modihed Bessel function is reproduced by taking account of 
broken zero modes. In the rest of this section, we focus on the S®-part and discuss the idea of 
the broken zero modes. As for the AdSs-part of the conhguration, we assume (2.13). 
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2.3.1 Zero modes in the case 6o = 7Tf2 


Let us consider the case with cos 6^0 = 0, i.e., 9o = 7 r/ 2 . In this case, the boundary conditions 
for the coordinates are given by the following great circle on the Yiy 2 -plane: 

^ 1^=0 ^ ^ COST , sinr , 0 , 0 , 0 , 0 ). (2-19) 

There is a three-parameter family of string solutions satisfying the boundary condition. It is 
given by the following conhguration 


Yi = sech a cos r , 
y 2 = sech a sin r , 

Ih = tanh a cos a , 

( 2 . 20 ) 

Kt = tanh a sin a cos (3 , 

Y 5 = tanh a sin a sin [3 cos 7 , 

Yq = tanh a sin a sin (3 sin 7 . 

Here, a, f3 and 7 are the three constant parameters, the ranges of which are 0 < a < tt , 
0 < /9 < TT and 0 < 7 < 27r. The solution (2.16), with uo = 0 , corresponds to the conhguration 
(2.20) with a = 0, tt . These three parameters correspond to zero modes, i.e., the string 
action does not depend on them. In fact, the total action including the boundary term for 
these conhgurations turns out to be zero. Then, if we approximate the string path integral by 
integrating over only these zero modes, we obtain 

/ = 1 , ( ^lo-modes = 0 ). ( 2 . 21 ) 

Here, the integral measure is dehned by = dad/ddy sin^ a sinand we have hxed the 
normalization so that the gauge theory result, (WiC)) = 1, is reproduced. We use this 
unique normalization throughout this paper. This special case of the Wilson loop and its 
gravity dual are hrst studied in [19]. The existence of the three zero modes and also the fact 
that string total action becomes zero are found in that paper. 

2.3.2 Broken zero modes for 0o ~ 7r/2 

For a generic value of do there are only two solutions which are given by (2.16), and there 
are no zero modes around the solutions. This is because the non-vanishing third component 
cos do in (2.17) breaks the symmetry. Although the boundary condition has symmetry, 
rotations in Y/^Y^YQ-space do not generate any independent solutions since the world sheet 
(2.16) is sitting at the origin of that space. Evaluating the string path integral by the classical 
solution (2.16), the saddle point values of the modihed Bessel function, e^'^, are reproduced 
[ 10 ]. 
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Beyond such classical analyses, a remarkable success in the limit 6o ~ 7r/2 is given in 
[10]. There, it is argued that for a small deviation from the symmetric case of = 7r/2, 
the symmetry is broken only slightly, and the modes corresponding to the zero modes in 
the symmetric case should still have signihcant contributions to the string path integral. By 
following [10], we call such modes as the “broken zero modes”. In fact, it is reported if we take 
the limit A —)■ cxd and cos 6^0 —t 0 with keeping the combination A' = A cos^ do hnite, then the 
broken zero modes give rise to a hnite potential S'l^.modes = — cosq;\/[V .1- By taking account 
of only these broken zero modes, the string path integral is approximated as 


^^e ‘^b-modes = — f do; siu^ = ^=/i(\/[V). 

27r^ TT / 




( 2 . 22 ) 


This agrees with the planar limit of the Wilson loop expectation value. 

An important point here is that it is not a hnite A result, but the large A limit is taken. 
This implies that we do not need to care about corrections coming from other generic string 
huctuations, since they are expected to be suppressed by inverse powers of \/A. Note also 
that small corrections which are of higher orders with respect to cos 6 *o are suppressed since 
cos do = \/A / \/A and A' is now hnite. 

3 More about the broken zero modes 

In this section, we discuss an explicit form of the S^-part of the broken zero modes and 
reproduce the result of [10]. We also give a more systematic argument by assuming a symmetric 
ansatz. As for the AdSs-part we assume the same conhguration (2.13). 


3.1 An explicit form of the broken zero modes 

The idea is to construct a three-parameter family of string conhgurations satisfying the com¬ 
mon boundary condition (2.17). In the case do = 7r/2 the three parameters should be identical 
to those in (2.20). So, let us call them a, (3 and 7 . We also expect that the conhguration 
reduces to the solution (2.16) for specihc values of the parameter, i.e., a = 0 , tt. 

It is not difficult to check that the following conhguration satishes all of these requirements: 

Yi = Fi(r, a, a) = /(a, a) cost , 

Y 2 = Y 2 {t, a, a) = f{a, a) sinr , 

13 = ct) = a) (cosh (To sinh a cos a + sinh(To cosh a ), 

(3.1) 

14 = Yi{a^ a, ( 3 ) = f{a, a) sinh (T sin a cos (3 , 

Is = h5(ffi ( 3 , 7) = /(cr, a) sinh (Tsin q; sin [3 cos 7 , 
he = Ye{a, a, ( 3 , 7) = f{a, a) sinh (Tsin o; sinsin7 , 


^Note that our parameter a is related to the one in the paper [10] by a O tt — a. 
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where f{<J, a) is defined by 


/(a, a) 


1 

cosh (To cosh a + sinh (Jq sinh a cos a 


The configuration also satisfies the following equations 


drY ■ drY = d,Y ■ d,Y = f{a, a) , drY ■ d^Y = 0 . 


(3.2) 


(3.3) 


These equations mean that the Virasoro constraints are satisfied by the S^-part separately 
from the AdSs-part. Hence, the configuration (2.13) for the AdSs-part can be used without 
any change. 


3.2 q: , /3 ,7 as coordinates 

Although it is not clear, (3.1) with (3.2) defines a coordinate system (r, (T, o;,/9, 7 ) of an S®, 
which covers the entire if we take the ranges as follows: 


0<r<27r, 0<(T<cxD, 0<Q;<7r, 0 < /3 < n , 0<7<27r. (3.4) 

This property assures that different sets of the parameters (o;, /9, 7 ) give different string 
configurations, i.e., they are not related through any redefinition of world sheet coordinates 
(r, a). 

Let us confirm the property briefly. First we introduce the radial coordinate R in the 
IfiFslg-space: 

R = + yf + Yi . (3.5) 

For (3.1), it is given by 

/2((T, q;) =/((T, q;) sinh (T sin q; , (3.6) 

and we find the following relation: 


tan aY 3 (a, a) — sech (JqR{(J, a) = tanh (Tq tan a , 


(3,7) 


where the function Ys{a,a) is defined in (3.1). For a given value of a, R{a,a) is a mono- 
tonically increasing function of a. Hence, as a increases from 0 to cxd , the point (Is, R) = 
{Y^{a,a), R{a,a)) moves monotonically along the line segment between the following two 
points: 


Ys = tanh , 
R = 0, 


a = 00 : 


JHs = Ys{a) 

I i? = R{a) = 


cosh (To cos a + sinh (Tq 

cosh (To + sinh (To cos a ’ 
sin a 

cosh (To + sinh (To cos a 


(3.8) 


On the other hand, if we increase a from 0 to tt , the end point (Is, R) = (^ 3 ( 0 ;), R{a)) of the 
line segment moves, again monotonically, on the semi-circle which is defined by Y^ + R^ = 1 



and i? > 0. More precisely, 1 ^ 3 ( 0 ;) is a monotonically decreasing fnnction of a. This means 
that by changing a and a, the point (Y 3 ,R) = (Y^i^a, a), R{a, a)) covers the half disk 
+ R^ < 1, R> 0 exactly once. Next, if we choose some specihc point on the half disk, then 
the corresponding slice of the S® is given by a direct prodnct of an on the Yil 2 -plane and 
an in the y 4 Y 5 y 6 -space, which are parametrized by the independent parameters r and (/9, 
7 ), respectively. Hence the entire S® is covered. 

If we consider (r, cr, a, /9, 7 ) as the coordinate system, the line element is given as follows: 


ds"^ = dY ■ dY = f^{a, a) dr^ + da^ + sinh^ a{da^ + sin^ a^djd'^ + sin^ 




(3,9) 


From this expression, we nnderstand that if we consider (r, a) as the world sheet coordinates 
and (a, (3, 7 ) as the constant parameters, then (3.3) is satished. 


3.3 The broken zero modes and the modified Bessel function 


By using (2.13) and (3.1), the total string action for the broken zero modes, S'| 0 _modes, including 
the boundary term S'boundary is evaluated as follows: 


^/A 


f*2n 


^|0-modes = ^ / da{drX ■ drX + d^X ■ d^X + drY ■ d^Y + d^Y ■ d^Y) + ^boundary 

v/0 ^<Tinin 

poo 

= VX d(j(cOSech^ a + f {a, a)) + S'boundary 


= yA 


— coth a + 


1 tanh a cos a + tanh (Tq 
cos a 1 + tanh (Tq tanh a cos a 


+ ^i 


boundary 


= y/X coth (Tmin “ tanh 


o-Q 


cos a + tanh do 


sin^ a 


1 + tanh (To cos a 


T S'boundary • (3.10) 


In the hnal expression, the cutoff parameter is set to be 0 except for the hrst term 
\/A coth (Tmin (aud also for the boundary term). As explained in appendix A, this divergent 
term is cancelled by the boundary term S'boundary • We take the limit (Tq —)■ 0 and A —)■ cx) with 
keeping \/A = \/Atanh(To = VT cos 6^0 hnite, and obtain 


S'| 0 -modes = — cos a\f\' + C)(tanh(To) = — cosq;\/A' + . (3.11) 


This is the result given in [10] and the modihed Bessel function is reproduced as (2.22). 


3.4 Some general arguments for small (Jq 

In the previous subsection, we discussed the broken-zero-mode conhgurations in an ad hoc 
manner. If we assume small (Tq from the beginning, it is also possible to restrict the conhgu- 
ration more systematically. 

Let us start with the following four assumptions for the broken zero modes: 
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1. The configurations reduce to the exact zero modes (2.20) in the limit ao 0. 

2. The configurations preserve symmetry on the hiy 2 -plane corresponding to r. 

3. (/5,7) describe fiat directions corresponding to the on the IfiYsle-space. 

4. The Virasoro constraints are satisfied separately by the S^-part and by the AdS^-part. 


The first assumption is a necessary condition for the broken zero modes, while the others 
are just for simplification. A more generic argument is beyond the scope of this paper. The 
configurations which satisfy these assumptions are written as follows: 


Yi = ^secha + tanh(To|/i(cT, a) + C>(tanh^ (To)j cost , 

Y2 = ^secha + tanh(To|/i(a, a) + C>(tanh^ (To)j sinr , 

Kj = tanh a cos a + tanh «) + 0(tanh^ <Jo), 

Y4 = ^ tanh a sin a + tanh crQy3(a, a) + 0(tanh^ do) j cos /9 , 

F5 = ^ tanh a sin a + tanh aoPsii^, «) + (T(tanh^ do) j sin {3 cos 7 , 
Yq = (tanh a sin a + tanh aoy3{a, a) + 0(tanh^ uo)') sin sin 7 . 


(3.12) 


Here, yi{a ,a ), y 2 {o' ,a ), i/s^a ,a) are undetermined functions. The condition Y -Y = 1 
and the Virasoro constraint for the S^-part, drY ■ drY = d^Y ■ d^Y , require^ 


0 

0 


sinha 


cosh a cosh^ a 


cosh^ a 


cos 


The boundary condition (2.17) requires 


—sin ad„y 3 . 
cosh a 


l/i(0,a) = 0, |/2(0,a) = l, |/3(0,a) = 0. 


(3.13) 

(3.14) 


(3.15) 


The solution for these conditions is given by 

sinh a cos a 

1/1 (a, a) = —cos a- 5 —> cos ay 2\(y, a) + sm. aya) = - 5 —• (3.16) 

cosh a cosh a 

Although there remains one arbitrary function, which we can take y 2 {(y-,a) or y 3 {a,a) for 
example, it does not affect the computation of the string action.' In fact, by using (3.12) and 
(3.16), the S^-part of the bulk action is computed as follows: 


‘5'bulk, S® l0-modes . 


47r 




da{drY ■ drY + d^Y ■ d„Y) 


(3,17) 


^Another constraint drY ■ daY = 0 is satisfied. 

'Note also that this arbitrary function does not introduce any extra zero mode. This is because it does not 
correspond to any finite deformation of the configuration in the small tanhuo limit. 
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= \/A [ da( — 7-2 -h 2 tanh(To^^^-^^^^ + 0 (tanh^ (To) 


/o \ cosh a 


cosh(T 




1 — cos a tanh ctq + C>(tanh^ (To) 


It correctly reproduces the S^-part of (3.10). 


(3.18) 

(3.19) 


4 Correlation function between a Wilson loop and a 
local operator 

Next let us consider the effect of the broken zero modes on the correlation function of the 1/4 
BPS Wilson loop (2.1) and the following local operator: 

Oj = . ( 4 . 1 ) 

The overall factor is taken so that the large N limit of the two point function is normalized as 

(0\,(x,)0j(x,)) = . ( 4 . 2 ) 

The large N limit of the correlation function is well studied in the gauge theory side 
[20][11][12]. It is given in terms of the modihed Bessel functions as follows [11]: 

{w(c)Oj(x)) _ u 

{W(C)) 

Here we assume that the position of the local operator is T = (OjOjO,^), and also that the 
distance ^ between the center of the loop C and the position of the local operator is much 
larger than the radius a of the loop, i.e., a ^ i. It was found in [11] that the system with the 
1/4 BPS Wilson loop and the 1/2 BPS local operator preserves 1/8 of the supersymmetries 
of the SYM theory. We review the supersymmetries in appendix C. 

The gravity dual of the correlation function has been also well studied [11] [12] [13] [14] [15]. 
The basic idea is to consider a propagation of a bulk mode between the local operator and the 
Wilson loop, both of which are assumed to be on the AdS boundary. In order to explain the 
idea, let us review the result of [11] in subsection 4.1,11 where the string world sheet dual to the 
Wilson loop is treated as classical. Then in subsection 4.2, we take account of the contribution 
from the broken zero modes. 

II In [11], a two point function of the Wilson loops is considered in order to compute the correlation function. 
This is another standard approach [14]. See [23], for example, for the same approach as the present paper. 
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4.1 Review of an analysis without broken zero modes 


In literature, the correlation function in the gravity side is computed based on the following 
correspondence: 


{W{C)Oj{xj)) 

(WiC)) 


E 


s „-S’[s^(x)] 


Ssji^ 


Sq=0, classical 


^ s/=n 


(4.4) 


Here, the total string action 5 '[sq (x)] includes the same boundary term S'boundary as before (see 
appendix A), and the bulk part of it is given by 


>S'[-So(^)]bulk = 


47r 


drdaGMNdaX^. 


(4.5) 


As explained shortly, the geometry Gmn depends on a source Sq of the local operator Oj. 
Both the denominator and the numerator of (4.4) are evaluated at Sq = 0 and also at classical 
world sheets as indicated by “classical”. The symbols ^ in (4.4) express summations over 
classical world sheet solutions. In the present case, we have two solutions which are given in 

(2,16). 

The source Sq{x) is included in a small fluctuation Hmn of the geometry Gmn around the 
AdSsxS^ background qmn 

Gmn = Qmn + hMN ■ (4.6) 

Equations of motion and constraints for such fluctuations are diagonalized in [22], and the 
metric fluctuation corresponding to the local operator Oj is given by 


/^AdS _ 


AdS I 4 
5 J + 1 

Jf 




z)yj , 


(x,z)yj. 


(4.7) 

(4.8) 


Here, the ten-dimensional indices M , N are decomposed into two sets; /i, u and a, fd. The 
former set is the indices for the AdSs-part and the latter is for the S^-part. and 

are the indicated components of the background metric gMN, while and are their 
fluctuations. The round bracket in expresses the symmetric traceless part, and A’j is 

the spherical harmonics on the S^, which is dehned by 

yj = i^(yz+'i-yiY ■ (4.9) 

Here, I 3 and are the coordinates on the unit . The classical solution for the bulk field 
s'^{x, z) is written in terms of a boundary function SQ(a;) by using the Green’s function as 


s'^ {x , z) = J d‘^x'G{x, z ; x')sq{x') , 

. J 

G(x, z]df) = c 


z'^ + {x — x'Y 


(4.10) 

(4.11) 
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The constant c is given by 


c = 


Ns/J 


(4.12) 


which is chosen so that the two point function of the local operators, computed in the gravity 
side, satishes the same normalization as the gauge theory side (4.2). 

In (4.4), the derivative with respect to the source Sq{xj) acts on Hmn as** 


5 






= e-^[°l 




47r 


drda 


6 


5s^{xj) 


h 


MN 


d,X^d,X 


N 


The AdSs-part and the S^-part of the derivatives are given as follows: 

5 


LAdS ^ 

dsiixj) 


2J 


AdS I ^ n n 
.J 


G{x, Z] Xj)yj 


AdS ^ 




5si{xj) 


S z'^ 

hln = iJalfGix, z] x,,)yj ~ . 


(4.13) 


(4.14) 

(4.15) 


Here, we have assumed that the distance ^ between the center of the loop and the position of 
the local operator is much larger than the radius a of the loop. 

By using the solutions (2.13) and (2.16), the classical value of (4.13) is evaluated as 


r.±vb 7 


VA 4J j , / 
_c_a / da{- 


1 


/o \cosh^ a cosh^((To ± a) 
Here, the spherical harmonics yj is now given by 


tanh*^ ayj 


(4.16) 


y-^ = ^ tanh'^(o-o ± a). (4.17) 

For simplicity, we consider only the small (Tq limit. Then (4.16) is evaluated as follows: 

(±l)J+i^±Vy^4jc^J_ r - (±iy+^ — — y/jye^^ (4 18) 

This gives two contributions coming from the two string solutions. These are summed up in 
the numerator of (4.4). The denominator is the summation of e^'^. Then (4.18) correctly 
reproduces the prefactor of (4.3) in the large A' limit [11]. 

**As it is shown in appendix A, the derivative of the boundary term vanishes. 
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4.2 Summing up broken zero modes 

Let us now try to take account of quantum corrections coming from the broken zero modes. 
For this purpose, we further generalize the expression (4.4) so that the integration over these 
modes are included 


{W{C)Oj{xj)) 

{W{C)) 




/ 

/ 


2'k'^ Ss-^{xj) s^=0,0-modes 

c^g-5[a,/3,7;s^(s)] 

27r^ Sq =0, 0-modes 


(4.19) 


Here, the right hand side is not evaluated for the classical solution, but it is done so for the 
broken-zero-mode conhgurations (3.1) and (2.13). This fact is indicated in (4.19) as “0-modes”. 

Since the expressions (4.14) and (4.15) for the functional derivatives are still valid, we just 
substitute the conhguration (2.13) and (3.1) into them and obtain the following expression for 
the numerator of (4.19)41 


dhls 

27r^ 


>5[O]|0.„ 


47r 


drda 


dQs 

27r^ 


^ J f, 
-c-^a / da 


Ss^{xj) 

( ^ 


h 


MN 




0-modes 


V cosh^ a 


— P{a^ a) ) tanh'^ ayj 


(4.20) 


The spherical harmonics yj is also evaluated by using (3.1) as 

y,; = ^ ^ ^ cosh (To sinh a cos a + sinh ao cosh a + i sinh a sin a cos 

~ WTTT tanh*^ (t(cosq; -t- i sin o; cos/S)"^ -|- 0(tanh(To) . 

2^/2 


(4.21) 

(4.22) 


Then the (T-integral reduces to the one in (4.18) and we are left with the following integral 
over the broken zero modes: 


1 a"' 




dQ. 


27r^ 


3 gcos aVy ^ I a + i sin a cos 


(4.23) 


The integral with respect to (3 and 7 results in the following a integral: 

(iQ;e“®"'^sinQ;cosQ;sin((J -|- 1 )q;) 






71 J + I 


(4.24) 


By integrating with respect to o;, we obtain 


(4.24) ^ (Vy)(l- 

' NP-’ ■' 'V W Ij(Vy) J 


(4.25) 


^^The derivative of the boundary term again vanishes. See appendix A. 
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Here, the following equation is used: 


——-- / smacosasm{{J + l)a) =-Ij{z) 

7r(J + 1) Jo z 


J + 2 


Ij+i{z) , 


(4.26) 


which is proved in appendix B. Finally, dividing (4.25) by (2.22) we obtain the following 
result: 


(4.19) 


^ Iji^) )■ 


(4.27) 


(4.27) is the main result in this paper. Since J is an integer satisfying J > 2, and also 
since the modihed Bessel functions satisfy the relation Ij{-\/~X) > /j+i(\/)V) for these values 
of J, the second term in the round bracket is subleading in the limit J/\/)V 1. This 

means that (4.27) reproduces the gauge theory result in that limit. In fact, deviations in 
other range is expected, because the string world sheet we consider does not carry any angular 
momentum and the conservation of it is broken. Only in the limit J \/^, the world sheet 
conhguration is approximately acceptable. Hence it is natural that our computation in the 
gravity side reproduces the gauge theory result only in the limit. In order to go beyond such 
an approximation, we need to consider world sheet conhgurations by taking account of effects 
of the operator insertion. Such an analysis for the classical solution is given in [15] [12] [13]. It 
would be interesting future work to study such effects on the broken-zero-mode conhgurations. 

We would like to emphasize that (4.27) does not give the exact form of the expected modi¬ 
hed Bessel function. When we take the limit J/ 1 in (4.27), it ahects not only the second 

term in the round bracket but also the ratio of the modihed Bessel function Jj(\/)V)//i(\/)V) 
itself. Then the result is not equal to the gauge theory result (4.3), but the limit of it. 

Fortunately, the limit J/\/~X 1 still allows the range beyond the purely classical limit. 
An example is the limit in which \/)V is taken to be large while the combination J^/\/A is 
kept hnite. This limit is suggested from the following asymptotic expansion of the modihed 
Bessel function [24] [25]: 


lj{z) 


OO 


^ n=0 




F(T n h) 


{2z)^n\T{J-n +^2 


g-2±(J+|)7ri 

+ — 


F(T n h) 


TTZ 


{2z)^n\T{J - n + ^) ' 


(4.28) 


The ratio of the Gamma functions is given by 
F(T -\- n 


1 - ll ^ 

l J 22 22 




(2n-l)2 

22 


{2z)"'n\T{J — n + ^) 2'^n\ z 


1 

n\ \ 2z^ 


(4.29) 


Here, in the last expression, we took the large limit with keeping the combination jz 

hnite. If we use (4.29) in the summation of (4.28), we obtain 


lAz) 


E 


V^Jrz ““ n\ 

* n=0 


j2\"^ g-2±(J+i)7ri I / J'2 


2z 


E 


- 


^n\\2z 

'' n=0 ^ 


j‘‘‘ 


3 2 2z 


\/ 2 'KZ 


\/2ttz 


. (4.30) 
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Then (4.27) reduces to the following expression in the limit: 

(4.27) ~ . (4.31) 

Here, we have kept only the leading term in the asymptotic expansion of the modified Bessel 
functions. 

The same limit of the modihed Bessel function is considered previously in the case of the 
1/2 BPS Wilson loop in [15]. In that paper, the string world sheet action is expanded with 
respect to small fluctuations to quadratic order. By integrating the fluctuations, the result 
corresponding to (4.31), with a replacement A' —)■ A , is reproduced. It would be interesting to 
consider the small fluctuations in the case of the 1/4 BPS Wilson loop and study the relation 
between these two approaches. 

5 Summary and discussions 

In this paper we studied broken zero modes of string world sheet which exist in the case of the 
gravity dual of the 1/4 BPS Wilson loop operator. As proposed in [10], we consider the limit 
cos 6^0 —)■ 0, A —)■ cxD with keeping A' = Acos^ 6 'o hnite. In this limit, the broken zero modes 
give signihcant contributions to the string path integral, while the effects of other generic 
fluctuations are expected to be negligible. 

We started by giving an explicit form of the conhguration of the broken zero modes which 
depends on three parameters a, (3 and 7 . The configuration satishes the correct boundary 
conditions and the Virasoro constraints. It also reduces to the known solutions at a = 0, tt . 
In the case with cos = 0, the three parameters are identical to the exact zero modes. Since 
we take the small cos 6^0 limit, the leading corrections for the string conhguration with respect 
to cos^o would be enough to compute the string path integral. However, having an explicit 
smooth conhguration, which includes all order terms of the small parameter cos^O) makes our 
arguments more convincing. Another property of the conhguration is that the hve parameters 
(r, (j, a,/9, 7 ) form a smooth coordinate system of the S®. This clearly shows that two conhg- 
urations with diherent values of parameters (a , /9, 7 ) describe diherent conhgurations of the 
world sheet, i.e., they are not related by any redehnition of the world sheet coordinates (r, 
a). We have checked that our conhguration reproduces the modihed Bessel function as found 
in [ 10 ]. 

Since our argument for the explicit conhguration is completely ad hoc, we also tried to 
derive the form of the broken zero modes more systematically by imposing appropriate condi¬ 
tions on the world sheet. For simplicity, we assumed an ansatz that respects the symmetry 
corresponding to r, and also the hat directions of (3 and 7 . This allows three arbitrary 
functions of a and a. Although the conditions on the world sheet still leave one arbitrary 
function undetermined, we hnd that the result is not ahected by the choice of it. 
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In section 4, we studied the gravity dual of the correlation function between the 1/4 BPS 
Wilson loop operator and the 1/2 BPS local operator by taking account of the broken zero 
modes. The resulting expression (4.27) agrees with the gauge theory result only in the limit 
J \/~\'. Deviation at the outside of the range is attributed to the fact that the world sheet 
we consider does not carry any angular momentum. In other words, the string conhguration 
is determined by neglecting the effects of the operator insertions. Hence the conhguration is 
valid only in the limit J V/V, in which the effects of the angular momentum is negligible. 
Fortunately, the limit J V/V still allows a check of the duality beyond the purely classical 
analysis. By considering the limit J/V/V 1 with keeping the combination J^/V/V hnite, we 
obtain the result (4.31) which includes non-trivial effects of the broken zero modes. 

There are several points left for future works. One is how to study the case with hnite 
\/!V. For this purpose, we need to consider the string world sheet which carries the angular 
momentum. The string solutions used in [15] [12] [13] could be a good starting point for such 
studies. As mentioned at the end of the previous section, studying the relation between the 
method of the broken zero modes and the one in [15] would be also interesting future work. 
Another point which is not quite clear to the author is the treatment of the path integral 
measure and the derivative with respect to the source Sq . Since the measure for the broken 
zero modes comes from the target space geometry, it would depend on the source. In that case 
it seems to be not quite clear whether the derivative should be from the outside of the path 
integral and it hits the measure, or it is just inside the path integral. In the present paper, 
we took the latter choice as an assumption. We would like to address this issue in the future 
work. 
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A Boundary terms 


In the present case, the boundary term proposed in [18] can be written as follows: 


-27r 


A, 


boundary 


dr 


dC 


d{d^z) 


Ta 


r*27r 


27r 


dr{g 


AdS 


AdS 


Zll, T ^2/i 




(A.l) 


Here, is the AdSs metric and is the fluctuation which depends on the source Sq of 
the local operator. If we set Sq = 0, then the fluctuation hA)® is zero, and by using (2.13), 
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the boundary term is evaluated as 




Ta 


r*27r 


boundary | ^ J—q 


27r 


dr-dtjZ 

z 




sinh (Tmin cosh (Tmin 


(A.2) 


This term exactly cancels the first term of (3.10) in the limit (Tmin 0. 

Next let us check that the functional derivative with respect to vanishes. In (4.13) 

and (4.20), their could be an additional term like 






boundary 


^ ^ ^ _/^AdS 

' Ss^ixj) " 


27r 


dT(2j\c^yj]d^zz 


£2J' 


1 ATT/ T -i \ / • • n\ /t&Ilh (Tj] 

= tttV JA(J + 1)— 7(cosq; + ^smacosp) - 5 - 

2iV cosh (Tmin 


(A.3) 


From the hnal expression, we see that it vanishes in the limit (Train 0, since J is an integer 
greater than or equal to 2. 


B Properties of the modified Bessel functions 


Let us explain some properties of the modihed Bessel function Ij{z) which we use in the main 
text. In the following discussion, we assume that J is a non-negative integer and z > 0. 

The first point we explain is the a-integral in (4.26), which may not be very clear. We 
start with the following integral formula for the modihed Bessel function: 

Ij{z) = — [ da cos( jQ;)e“®, (J = 0,1,...). (B.l) 

TT Jo 

We can conhrm this expression by checking that it satishes the following recurrence formulas 
of the modihed Bessel functions 


“ Ij+2{z) — — - ^-Ij+i{z) , 

A 

Ij{z) + lj+2{z) = 2/j_^dd ) 


and also it satishes the initial condition 


In(z) = — dae^ 


TT 


(B.3) 


Next by integrating by part and using (B.l), we hnd the following relation: 

^ dae“®"^sinasin((J-I-l)a) 


7r(J -I- 1) Jq 
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sin((J + 1 )q;) 


(B.4) 


Finally we differentiate the first and the last expression of (B.4) with respect to and obtain 
(4.26) as 

1 rT^ 

(iQ;e“®"'^sinQ;cosQ;sin((J + !)«) 


7r(J + 1) Jq 




z 




^ 5 -a+i( 2 ). 


(B.5) 


Here, the above recurrence formulas (B.2) are again used when we go to the hnal expression. 
The recurrence formulas can be also used to show the following inequality for z > 0: 


ij(A>b-n(A (J = o, 1,...). 


(B.6) 


First, from (B.l) we have 

Io{z) — Ii{z) = — [ da{l — cosQ;)e“®"^ > 0 . 

Jo 

Next, from the second equation of (B.2), we hnd 

(hiz) - Ij+i{z)) + (lj+ 2 iz) - Ij+siz)) . 

From (B.7), (B.8) and the initial conditions'^ -^o(O) = 1 and /j(0) = 0 (J = 1, 2,...) 
that the relation (B.6) holds for z > 0. 


4(/j+,W-/,+2C-)) -1 


(B.7) 


(B.8) 


we see 


C Supersymmetry 


Supersymmetries preserved by the system including a 1/4 BPS Wilson loop and a 1/2 BPS 
local operator is studied in [11]. Here, we review the analysis with taking account of the 
distance i between the local operator and the center of the Wilson loop operator. 

The supersymmetries preserved by the Wilson loop operator (2.1), with (2.2) and (2.3), 
are given by the following conditions [ 10 ]: 


— i sin rqi + i cos r72 + sin Oq cos rys + sin 6 q sin rye + cos 6*077 


eo + a ( cos ryi + sin T'^ 2 ) ei 


= 0 . 

(C.l) 


MPor the range 0 < z < 2, we find Ij{z) - Ij+i{z) > Ij{z) - Jj+i(z) = Ij+ 2 {z) > 0 (J = 0,1,...), 

which can be used as alternative initial conditions. 
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Here, we use the ten-dimensional notation. 7 m {M = are the ten-dimensional 

gamma matrices which satisfy { 7 M, 7 Af} = M = 1 , 2 ,3,4 correspond to the four¬ 

dimensional space of the SYM theory, while M = 5,..., 10 correspond to the reduced dimen¬ 
sions. Each spinor eo and ei has an opposite chirality, in the sense of ten-dimension, and 
generates the Poincare supersymmetry and the conformal supersymmetry, respectively. These 
two spinors appear in the transformation of the bosonic held only in the following combination: 


e = eo + a; 7*61 


(C.2) 


The independent conditions coming from (C.l) are summarized in [10]. For Oq = 0, (C.l) 
relates eo and ei as follows: 

eo = m7i7277ei. (C.3) 

On the other hand, for the other special case with 9q = t:/2, each spinor eo and ei satishes 
the following common conditions independently: 

(1 - i7275)eo = ( 1 + i7i76)eo = 0, (l - i7275)ei = (l-F i 7 i 76 )ei = 0 . (C.4) 

Finally, for a generic value of 9q , (C.l) reduces to the following conditions: 

cos 6 'oeo = a( - f 7 i-h sin 6 * 076 ) 777261 , (l - 7 i 727576 )ei = 0 . (C.5) 

In addition to these “Wilson loop conditions”, we need to impose the following conditions 
coming from the local operator Oj located at T = (0, 0, 0, £): 


1 + *7778 


eo + ^^7461 


= 0 . 


(C. 6 ) 


Let us summarize the combined conditions for each value of 6 * 0 . 

• 6*0 = 0 : 

From (C.3) and (C. 6 ), we hnd that the following condition is imposed on ei 


1 + *7778 


***717277 + ^74 


ei = 0 . 


(C.7) 


Since the matrix (70717277 -|- £ 74 ) is invertible, the condition (C.7) projects out half of 
the degrees of freedom (d.o.f.) of ei, and then 8 of them survive. Since eo is determined 
by (C.3), the whole system including W{C) and Oj preserves 8 supersymmetries. 

9o = 77/2 

In this case, we may recombine eo and ei as 


6+ — eo + 774ei , 
e_ = ei — 774eo , 


77 



(e+ - 774e_) , 
(e_ -T 774e+) , 


(C. 8 ) 
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where the each spinor e± has 16 d.o.f. with an opposite chirality. Then the condition 
(C.4) can be equivalently imposed on e± as 


(1 - i7275)e± = (1 + i7i76)e± = 0 . (C.9) 

These conditions allow only quarter of the each spinor e± and 4 + 4 = 8 d.o.f. survive. 
Then the additional condition (C.6) reduces the d.o.f. of e+ to the half of it, while e_ is 
not affected. Then the whole system preserves 4 + ^ x 4 = 6 supersymmetries. 

• 0 < 6*0 < 7r/2 

From the hrst condition of (C.5) and (C.6), ei needs to satisfy the following condition: 

+ iqyqsjrei = 0 , (T = 0*717277 + a sin 0072767 ? + ^ cos 6 * 074 ) • (C.IO) 

Since the matrix T is invertible, (C.IO) projects out half of the d.o.f. of ei and 8 of them 
survive. This is a generalization of the case with 0o = 0 . Now in the case of generic 0o > 
ei needs to satisfy the second condition of (C.5). Since T and 71727570 commute, we 
can impose the following equivalent condition: 


(1 _ 7i72757g)rei = 0. (C.ll) 

Then, since *7778 and 71727570 commute, two conditions (C.IO) and (C.ll) allow | x 
i X 16 = 4 independent d.o.f. of the original spinor ei. The other spinor cq is deter¬ 
mined by the first equation of (C.5) and the whole system preserves 4 = | x (16 + 16) 
sup er symmetries. 
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